
Review of Leture 3
• Linear models use the `signal':

d∑

i=0

wixi = w
T
x

- Classi�ation: h(x) = sign(wT
x)- Regression: h(x) = w

T
x

• Linear regression algorithm:
w = (XTX)−1XT

y

�one-step learning�
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• Nonlinear transformation:- w

T
x is linear in w- Any x

Φ
−→ z preserves this linearity.

- Example: (x1, x2)
Φ

−→ (x2
1, x

2
2)
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Outline
• Nonlinear transformation (ontinued)
• Error measures
• Noisy targets
• Preamble to the theory
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1. Original data
xn ∈ X

2. Transform the data
zn = Φ(xn) ∈ Z
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4. Classify in X -spae
g(x) = g̃(Φ(x)) = sign(w̃TΦ(x))

3. Separate data in Z-spae
g̃(z) = sign(w̃Tz)
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What transforms to what
x = (x0, x1, · · · , xd)

Φ−→ z = (z0, z1, · · · · · · · · · , zd̃)

x1,x2, · · · ,xN

Φ−→ z1, z2, · · · , zN

y1, y2, · · · , yN

Φ−→ y1, y2, · · · , yN

No weights in X w̃ = (w0, w1, · · · · · · · · · , wd̃)

g(x) = sign(w̃TΦ(x))© AM
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Outline
• Nonlinear transformation (ontinued)
• Error measures
• Noisy targets
• Preamble to the theory
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The learning diagram - where we left it
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Error measures
What does �h ≈ f � mean?
Error measure: E(h, f)

Almost always pointwise de�nition: e (
h(x), f(x)

)

Examples: Squared error: e (
h(x), f(x)

)
=

(
h(x) − f(x)

)2

Binary error: e (
h(x), f(x)

)
=

q

h(x) 6= f(x)
y
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From pointwise to overall
Overall error E(h, f) = average of pointwise errors e (

h(x), f(x)
).

In-sample error:
Ein(h) =

1

N

N∑

n=1

e (
h(xn), f(xn)

)

Out-of-sample error:
Eout(h) =Ex

[e (
h(x), f(x)

)]

© AM
L Creator: Yaser Abu-Mostafa - LFD Leture 4 8/22



The learning diagram - with pointwise error
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How to hoose the error measure
Fingerprint veri�ation:

f

8

>

<

>

:

+1 you
−1 intruder

Two types of error:false aept and false rejet
How do we penalize eah type?

f

+1 −1

h
+1 no error false aept
−1 false rejet no error
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The error measure - for supermarkets

f

8

>

<

>

:

+1 you
−1 intruder

Supermarket veri�es �ngerprint for disounts
False rejet is ostly; ustomer gets annoyed!
False aept is minor; gave away a disountand intruder left their �ngerprint

f
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h
+1 0 1

−1 10 0
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The error measure - for the CIA

f

8

>

<

>

:

+1 you
−1 intruder

CIA veri�es �ngerprint for seurity
False aept is a disaster!
False rejet an be toleratedTry again; you are an employee

f

+1 −1

h
+1 0 1000

−1 1 0
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Take-home lesson
The error measure should be spei�ed by the user.
Not always possible. Alternatives:

Plausible measures: squared error ≡ Gaussian noise
Friendly measures: losed-form solution, onvex optimization
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The learning diagram - with error measure
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Noisy targets
The `target funtion' is not always a funtion
Consider the redit-ard approval:

age 23 yearsannual salary $30,000years in residene 1 yearyears in job 1 yearurrent debt $15,000
· · · · · ·

two `idential' ustomers −→ two di�erent behaviors
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Target `distribution'
Instead of y = f(x), we use target distribution:

P (y | x)

(x, y) is now generated by the joint distribution:
P (x)P (y | x)

Noisy target = deterministi target f(x) = E(y|x) plus noise y − f(x)

Deterministi target is a speial ase of noisy target:
P (y | x) is zero exept for y = f(x)
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The learning diagram - inluding noisy target
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Distintion between P (y|x) and P (x)

P   y      (     |     )x
f: X    Y

(    )xP      

TRAINING   EXAMPLES
x y x y

NN11
(    ,    ), ... , (    ,    )

UNKNOWN  TARGET  DISTRIBUTION

target function plus  noise

DISTRIBUTION

UNKNOWN

INPUT

Both onvey probabilisti aspets of x and y

The target distribution P (y | x)is what we are trying to learn
The input distribution P (x)quanti�es relative importane of x
Merging P (x)P (y|x) as P (x, y)mixes the two onepts
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Outline
• Nonlinear transformation (ontinued)
• Error measures
• Noisy targets
• Preamble to the theory
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What we know so far
Learning is feasible. It is likely that

Eout(g) ≈ Ein(g)

Is this learning?
We need g ≈ f , whih means

Eout(g) ≈ 0
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The 2 questions of learning
Eout(g) ≈ 0 is ahieved through:

Eout(g) ≈ Ein(g)
︸ ︷︷ ︸Leture 2 and Ein(g) ≈ 0

︸ ︷︷ ︸Leture 3
Learning is thus split into 2 questions:

1. Can we make sure that Eout(g) is lose enough to Ein(g)?
2. Can we make Ein(g) small enough?
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What the theory will ahieve

PSfrag replaements

in-sample error
model omplexity
out-of-sample error

VC dimension, dv
Error

d∗v

0.10.20.30.40.50.60.70.80.91024681012

Charaterizing the feasibility of learning forin�nite M

Charaterizing the tradeo�:
Model omplexity ↑ Ein ↓Model omplexity ↑ Eout − Ein ↑
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