Review of Lecture 5 e Break point

e Dichotomies o

e Maximum # of dichotomies

X1 X2 X3
O O O
e Growth function o o e
O o O
o O O

my(N)= max |H(xq, - ,Xy)]
Xl,---,XNEX
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e Proof that my (V) is polynomial

e Proof that my(NN) can replace M

Outline
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Bounding my(N)

To show:  my(N) is polynomial

We show:  my(N) < --- < -+ < a polynomial

Key quantity:

B(N, k): Maximum number of dichotomies on N points, with break point k
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Recursive bound on B(N, k)

Consider the following table:

# of rows | X1 X9 XN_1 | XN
+1 +1 +1 | +1
-1 +1 +1 | -1
B(N,k):CM—I—Qﬁ S s} : : : :
+1 -1 -1 | -1
-1 +1 -1 | +1
+1 -1 +1 | +1
-1 -1 +1 | +1
So 15} 5 5 5 5
+1 -1 +1 | +1
g -1 -1 —1 | +1
’ 1 -1 I
-1 -1 +1 | -1
Sy 6] 5 5 5 5
+1 -1 +1 | —1
-1 -1 -1 | -1
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Estimating o and 3

Focus on x1, X9, -+ ,Xny_1 columns:

X1 X2 XN-1
+1 +1 ... +1
-1 +1 ... +1
Oé—|_6 S B(N_lvk) Qo : : : :
+1 -1 —1
-1 +1 —1
+1 -1 +1
-1 -1 +1
g -
+1 -1 +1
—1 -1 —1
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Estimating G by itself

Now, focus on the Sy = S5 U S, rows:

8 < B(N —1,k—1)
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Putting it together

# of rows | X1 X9 XN_1 | XN

+1 +1 +1 +1

a+B < B(N -1,k S P R
+1 —1 —1 —1

-1 +1 —1 +1

g < B(N—-1,k-1) -1 T
1 -1 +1 | 41

SSL 3 : 5 5 5

11 +1 | +1

1 -1 ~1 | +1

B(N, k) < . iy — G
1 -1 1| -1

So 15} : : : :

B(N —1,k) + B(N —1,k—1) +1 -1 +1 | -1
1 -1 1| -1
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Numerical computation of B(N, k) bound

B(N,k) < B(N —1,k) + B(N — 1,k — 1) I
° o 12 3 4 5 6
\j 112 2 2 2 2
O 2013 4 4 4 4
31147 8 8 8

N 415 11

501 6

6|1 7
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Analytic solution for B(N, k) bound

B(N,k) < B(N — 1,k) + B(N — 1,k — 1)

k

2 3 4 5 6

Theorem: 1 2 2 2 2 2
k-1 9

N
N 4
5 \£
. 0
1. Boundary conditions: easy
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2. The induction step
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It is polynomiall

For a given 'H, the break point k is fixed

mu(N) < kzi (7)

2=0 ;

maximum power is N1

©
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Three examples
Z ?
1=0

e H is positive rays: (break point k = 2)

e H is positive intervals: (break point k = 3)
mu(N) =2N?4+iN+1 < IN?4+iN+1

e H is 2D perceptrons: (break point k = 4)
mu(N)=7 < N*4+2N+1
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Outline

e Proof that my(IN) can replace M
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What we want

Instead of:

P[ |En(g) — Eou(g)| > €] M e %N

VA
DO

VWe want:

P[|Ew(g) — Eo(g)] > €] < 2 mp(N) e 2N
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Pictorial proof ©

e How does my (V) relate to overlaps?

e \What to do about E

e Putting it together
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Hoeffding Inequality Union Bound VC Bound

<2

space of
data sets

(@) (b) ()
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What to do about F 4

0000000000 E.(h) ecececcceee
E..(h) E'(h) eeeceeceee
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Putting it together

Not quite:

P[|Ew(g) — Eou(g)] > €] < 2 muy(N) e 2N

but rather:

_ L2
P[ ‘Ein(g)_Eout(g)‘ >€] < 4 mH(QN) e 8N

The Vapnik-Chervonenkis Inequality
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