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VWhere we are

e Linear classification v

e Linear regression

e Logistic regression

e Nonlinear transforms V
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Nonlinear transforms

X = ($07$17'°' 7$d)

o

> 7Z = (207 %50 00°0000000¢ 7ZCZV)

Fach z; = ¢i(x) z = P(x)

o, 2 .2
Example: z = (1,21, X9, T129, T7, 5)

Final hypothesis g(x) in X space:

sign (W' @(x)) or w'®(x)
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X =

(20, 21, - - -

The price we pay

o

,de) > 7 — (207 Zl) ............

dve =d—+1

dmf§J+1
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Two non-separable cases
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First case

Use a linear model in X'; accept E;, > 0
or

Insist on Fi,, = 0; go to high-dimensional Z

©

o,
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Second case

B 2 .2
Z — (173317:1:27 :1313327 33173:2)
Why not: z = (1,27, x3)

or better yet:  z = (1, 2% + x3)

or even: 7 = ($% =+ $% —0.6)
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| esson learned

Looking at the data before choosing the model can be hazardous to your Ey

Data snooping

Learning From Data - Lecture 9




Logistic regression - Outline

e [ he model

e Error measure

e Learning algorithm
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A third linear model

d
1=0

linear classification inear regression logistic regression
h(x) = sign(s) h(x) = s h(x) = 0(s)
X0
X0
X0 X1
X1 e s X > h(x)
- > h(x) 2 h(x)
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The logistic function 6

The formula: 1

e

soft threshold: uncertainty

sigmoid: flattened out 's’
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Probability interpretation

0(s) is interpreted as a probability
Example. Prediction of heart attacks
Input X: cholesterol level, age, weight, etc.
0(s): probability of a heart attack

The signal s = w'x “risk score’
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Genuine probability

Data (x, ) with binary v, generated by a noisy target:

f(x) fory = +1;

Ply | x) =«
W1 1-f(x) fory=-1.

©
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Error measure

For each (x,y), vy is generated by probability f(x)
Plausible error measure based on likelithood:
it h = f, how likely to get y from x7

(

h(x) for y = +1;

Py | x) = <
W1 1 —h(x) fory=—1.

\

©

14/24



Substitute h(x) = 8(w™x), noting 0(—s) =1 — 6(s) 0 /

©

Py | x) =«

(

h(x)

1 — h(x)

Formula for likelihood

for y = +1;
for y = —1.

Py | x) = 0(y w'x)

Likelihood of D = (X1, ¥41), ..., (XN, YN) is

H P(yn ’ Xn) — H H(anTXn)

n=1
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Minimize

Maximizing the likelihood

1 < 1 1
— E In 0
N n=1 <9(y’n w' Xn)) |: (S) 1 + 68:|
| N
— E In (1 + e_y”WTX”)
N ] “————  ‘cross-entropy error
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Logistic regression - Outline

e [ he model

e Error measure

e Learning algorithm
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How to minimize FE;,

For logistic regression,

1 N
Buw) = 13 (14 o)

n=1

Compare to linear regression:

1 N
_ T 2
Ein( — N nE_:l W Xp — yn)
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«— Iterative solution

«—— closed-form solution
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lterative method: gradient descent

General method for nonlinear optimization Em(W)
Lﬁi

Start at w(0); take a step along steepest slope -
O
LU

Fixed step size: w(l) = w(0) +n Vv =

What is the direction v?

Weights, w
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Formula for the direction v

AE’in — Em(W(O) + 77‘7) - EID(W(O))
— §VEu(w(0))"V 4+ O(1)
> —n||VEy,(w(0))|

Since V is a unit vector,

VEm(W(O))
IV Ei(w(0))]

vV =
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Fixed-size step?

How 7) affects the algorithm:

large 1

small n

In-sample Error, Ej,
In-sample Error, Fi,
In-sample Error, i,

Weights, w Weights, w Weights, w
1) too small 1 too large variable 1 — just right

1) should increase with the slope
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Easy implementation

Instead of
Aw = 9 v
) YEu/w(0)
IV Ei(w(0))]
Have
Aw = —1n VE,(w(0))

Fixed learning rate 7

22/24



©

Logistic regression algorithm

[ —

i

=

=

Initialize the weights at ¢ =0 to w(0)
fort=0,1,2,... do
Compute the gradient

yan
Vin = =5 Z 14 eynw'(®)

Update the weights: w(t + 1) = w(t) — nV E;,
[terate to the next step until it is time to stop
Return the final weights w

Xn
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Credit

Summary of Linear Models

Approve
or Deny

Perceptron

Analysis
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Amount

of Credit

Classification Error
PLA, Pocket,. ..

Linear Regression

Probability
of Default

Squared Error
Pseudo-inverse

Logistic Regression

Cross-entropy Error
Gradient descent

24 /24



