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• Choosing a regularizer
Eaug(h) = Ein(h) +

λ

N
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Ω(h): heuristi → smooth, simple hmost used: weight deay
λ: prinipled; validation
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Outline
• The validation set
• Model seletion
• Cross validation
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Validation versus regularization
In one form or another, Eout(h) = Ein(h) + over�t penalty

Regularization:
Eout(h) = Ein(h) + over�t penalty

︸ ︷︷ ︸regularization estimates this quantity
Validation:

Eout(h)
︸ ︷︷ ︸validation estimates this quantity= Ein(h) + over�t penalty
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Analyzing the estimate
On out-of-sample point (x, y), the error is e(h(x), y)

Squared error: (
h(x)− y

)2

Binary error: q

h(x) 6= y
y

E

[e(h(x), y)
]
= Eout(h)

var [e(h(x), y)
]
= σ2
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From a point to a set
On a validation set (x1, y1), · · · , (xK, yK), the error is Eval(h) =

1

K

K∑

k=1

e(h(xk), yk)

E

[
Eval(h)

]
=

1

K

K∑

k=1

E

[e(h(xk), yk)
]

= Eout(h)

var [Eval(h)
]

=
1

K2

K∑

k=1

var [e(h(xk), yk)
]

=
σ2

K

Eval(h) = Eout(h) ± O

(
1√
K

)
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K is taken out of N

Given the data set D = (x1, y1), · · · , (xN , yN)

K points
︸ ︷︷ ︸
Dval → validation N −K points

︸ ︷︷ ︸
Dtrain → training

O
(

1√
K

): Small K =⇒ bad estimate
Large K =⇒ ?
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K is put bak into N

D −→ Dtrain ∪ Dval
↓ ↓ ↓
N N −K K

D =⇒ g Dtrain =⇒ g−

Eval = Eval(g−) Large K =⇒ bad estimate!
Rule of Thumb:

K =
N

5

Dval
D

(N)

Dtrain
(N − K)

g

(K)

Eval(g )g© AM
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Why `validation'
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Dval is used to make learning hoies
If an estimate of Eout a�ets learning:

the set is no longer a test set!
It beomes a validation set
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What's the di�erene?
Test set is unbiased; validation set has optimisti bias
Two hypotheses h1 and h2 with Eout(h1) = Eout(h2) = 0.5

Error estimates e1 and e2 uniform on [0, 1]

Pik h ∈ {h1, h2} with e = min(e1, e2)

E(e) < 0.5 optimisti bias
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Outline
• The validation set
• Model seletion
• Cross validation
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Using Dval more than one
H1 H2 HM

g1 g2 g
M

· · ·

· · ·

E1 · · · EM

Dval
Dtrain

gm∗

E2(Hm∗, Em∗)

| {z }pik the best
D

M models H1, . . . ,HM

Use Dtrain to learn g−m for eah model
Evaluate g−m using Dval:

Em = Eval(g−m); m = 1, . . . ,MPik model m = m∗ with smallest Em
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The bias
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Validation Set Size, K
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Eval (g−m∗

)

Eout (g−m∗

)

5 15 250.50.60.70.8We seleted the model Hm∗ using Dval
Eval(g−m∗) is a biased estimate of Eout(g−m∗)

Illustration: seleting between 2 models
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How muh bias
For M models: H1, . . . ,HM Dval is used for �training� on the �nalists model:

Hval = {g−1 , g−2 , . . . , g−m}
Bak to Hoe�ding and VC!

Eout(g−m∗) ≤ Eval(g−m∗) + O

(√
lnM
K

)

regularization λ early-stopping T

© AM
L Creator: Yaser Abu-Mostafa - LFD Leture 13 13/22



Data ontamination
Error estimates: Ein, Etest, Eval
Contamination: Optimisti (deeptive) bias in estimating Eout

Training set: totally ontaminated
Validation set: slightly ontaminated
Test set: totally `lean'
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Outline
• The validation set
• Model seletion
• Cross validation
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The dilemma about K

The following hain of reasoning:
Eout(g)≈(small K)Eout(g−)≈(large K)Eval(g−)

highlights the dilemma in seleting K:
Can we have K both small and large?
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Leave one out
N − 1 points for training, and 1 point for validation!

Dn = (x1, y1), . . . , (xn−1, yn−1),����(xn, yn), (xn+1, yn+1), . . . , (xN , yN)

Final hypothesis learned from Dn is g−n

en = Eval(g−n ) = e (g−n (xn), yn)

ross validation error: Ev =
1

N

N∑

n=1

en
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Illustration of ross validationPSfrag replaements
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Ev =

1

3
( e1 + e2 + e3 )
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Model seletion using CVPSfrag replaements
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Linear:

Constant:
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Cross validation in ation
Digits lassi�ation task Di�erent errors
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# Features Used

Eout
Ev

Ein5 10 15 20
0.010.020.03

© AM
L Creator: Yaser Abu-Mostafa - LFD Leture 13 20/22



The result
without validation with validation
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Leave more than one out
Leave one out: N training sessions on N − 1 points eah
More points for validation?

D1 D2 D3 D4 D5 D6 D7 D8 D9 D10train trainvalidate
D

z }| {

N
K

training sessions on N −K points eah
10-fold ross validation: K = N
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