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What do we need from the Z space?
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g(x) = sign (W'z

where w = E O YnZn,

and b Yy, (W'z, +b) =1
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Generalized inner product

Given two points x and X’ € X', we need z'Z’

let z'z' = K(x,x’) (the kernel)  “inner product” of x and x’
Example: x = (1, 23) — 2nd-order ®
z = ®(x) = (1,x1, 9, 29, 23, T172)

K(x,x") =22 =14 x12'1 + 201’y +

2,12 2,12 / /
TIT] T THTy + T1T 1T2T 2
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The trick

Can we compute K (x,x’) without transforming x and x'7
Example: Consider K(x,x') = (1+xx)? = (1+ 2121 + 227'2)*
= 1 + x%az’% + x%az’g + 2x1xy + 2xox’y + 2x1x 10T o

This is an inner product!
(1, 22, 22, V221, V229 , V22120 )
(17 3317 3327 \/_3317 \/_3327 \/_331332>
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The polynomial kernel

X =R’ and ®:X — Zis polynomial of order Q

The “equivalent” kernel K(x,x') = (1 + XTX/)Q

(14 212’ + 2ox’s + - -+ + 2429
Compare for d =10 and @ = 100

Can adjust scale: K(x,x') = (ax'x +b)¥
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We only need Z to exist!

If K(x,x') is an inner product in some space Z, we are good.

Example:

©

K(x,x’)

/112
= exp (— [x — x|)

Infinite-dimensional Z

take simple case

K(z,2') = exp (—(x —a')?)

= exp (—22) exp (_x,z) EOO: 2k (2)k(2")F

k!
k=0

exp(2xx’)
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T his kernel in action

Slightly non-separable case:
Transforming X into oo-dimensional Z

Overkill?  Count the support vectors
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Kernel formulation of SVM

Remember quadratic programming?  The only difference now is;

[ y1y1 K (X1, X1) y1yo K (X1, X2) . 1 ynv K (x1,Xy) ]
Yoty K (X2, X1) Yotjo K (X2, Xo) . Yoyn K (X2, X )
yny1 K (X, X1) YNy K (X, X2) e YNYNK (XN, XN)

-_—
quadratic coefficients

Everything else is the same.

“reator: Yaser Abu-Mostafa - LFD Lecture 15

9/20



Express

©

The final hypothesis

g(x) =sign (w'z +b) in terms of K(—, —)
Z apYnZ, —  g(X) = sign Z Y K (X, %) + b
Zpn, 1S SV an>0

where b = v, — Z Y K (X0, X))

o, >0

for any support vector (c,, > 0)
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How do we know that Z exists ...

... for a given K(x,x")?  valid kernel
Three approaches:
1. By construction
2. Math properties (Mercer's condition)

3. Who cares? ©
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Design your own kernel

K(x,x') is a valid kernel iff

1. It is symmetric and 2. The matrix: K(x1,x1) K(xi1,%x2) ... K(x1,Xy)

s positive semi-definite

foranyxy, -+ , Xy (Mercer's condition)
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e [ he kernel trick

e Soft-margin SVM
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slightly:

Two types of non-separable

seriously:
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Error measure

Margin violation: y, (W'x, +b0) > 1 fails
Quantify: y, (WX, +b) >1 — &, &,>0

N
Total violation = an
n=1
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The new optimization

N
1
Minim L. C )
nimize o w'w + ;15

subject to Yy, (Wx,+b)>1—-¢, for n=1,...,N

and  &,>0 for n=1,...,N

weRY | beR , £ecRrY
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Lagrange formulation
| N
.3) =—ww+Can Y an(yn (Wx, +b) — 146,) — Zﬂnfn

n=1
Minimize w.r.t. w, b, and £ and maximize w.r.t. each a,, > 0 and 571 Z 0

N
VieL = W — Zanynxn: 0

oL a

. Z AplYp = 0
0b —
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% — Oy — ﬁn —
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and the solution is ...

N | NN
Maximize Lla) = Zozn — 5 2 2 YnYm Cnlim X5 X, w.rt to o
N
subjectto 0 <, < C for n=1,--- N and Zanyn:()
n=1

N
— W = Zanynxn
n=1
1 N
minimizes o W'W + C’;ﬁn

© 18/20



Types of support vectors

margin support vectors (0 < a,, < C)

Yn (WX, +0) =1 < 0)

non-margin support vectors (o, = C')

Yn (WX, +0) <1 (&, > 0)
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Two technical observations

1. Hard margin: What if data is not linearly separable?

“primal — dual’ breaks down

2. Z: What if there is wy?’

All goes to b and wy — 0
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