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• Kernel methods

K(x,x′) = z
T
z
′ for some Z spa
e

Hi

Hi

↑

K(x,x′) = exp
(

−γ ‖x − x
′‖2

)

• Soft-margin SVM
Minimize 1

2
w

T
w + C

N
∑

n=1

ξn

Hi

Hi

violation

Same as hard margin, but 0 ≤ αn≤ C
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Basi
 RBF model
Ea
h (xn, yn) ∈ D in�uen
es h(x) based on ‖x− xn‖︸ ︷︷ ︸radialStandard form:

h(x) =

N∑

n=1

wn exp
(

−γ ‖x− xn‖
2
)

︸ ︷︷ ︸basis fun
tion
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The learning algorithm
Finding w1, · · · , wN: h(x) =

N∑

n=1

wn exp
(

−γ ‖x− xn‖
2
)

based on D = (x1, y1), · · · , (xN , yN)

Ein = 0: h(xn) = yn for n = 1, · · · , N :
N∑

m=1

wm exp
(

−γ ‖xn − xm‖
2
)

= yn
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The solution
N∑

m=1

wm exp
(

−γ ‖xn − xm‖
2
)

= yn N equations in N unknowns







exp(−γ ‖x1 − x1‖
2) . . . exp(−γ ‖x1 − xN‖

2)

exp(−γ ‖x2 − x1‖
2) . . . exp(−γ ‖x2 − xN‖

2)... ... ...
exp(−γ ‖xN − x1‖

2) . . . exp(−γ ‖xN − xN‖
2)








︸ ︷︷ ︸

Φ








w1

w2...
wN








︸ ︷︷ ︸
w

=








y1

y2...
yN








︸ ︷︷ ︸
y

If Φ is invertible, w = Φ−1
y �exa
t interpolation�
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The e�e
t of γ

h(x) =
N∑

n=1

wn exp
(

−γ ‖x− xn‖
2
)

small γ large γ
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RBF for 
lassi�
ation
h(x) = sign( N∑

n=1

wn exp
(

−γ ‖x− xn‖
2
)
)

Learning: ∼ linear regression for 
lassi�
ation
s =

N∑

n=1

wn exp
(

−γ ‖x− xn‖
2
)

Minimize (s− y)2 on D y = ±1

h(x) = sign(s)
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Relationship to nearest-neighbor method
Adopt the y value of a nearby point: similar e�e
t by a basis fun
tion:
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RBF with K 
enters
N parameters w1, · · · , wN based on N data points
Use K ≪ N 
enters: µ1, · · · ,µK instead of x1, · · · ,xN

h(x) =

K∑

k=1

wk exp
(

−γ ‖x− µk‖
2
)

1. How to 
hoose the 
enters µk

2. How to 
hoose the weights wk
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Choosing the 
enters
Minimize the distan
e between xn and the 
losest 
enter µk : K-means 
lustering

Split x1, · · · ,xN into 
lusters S1, · · · , SK

Minimize K∑

k=1

∑

xn∈Sk

‖xn − µk‖
2

Unsupervised learning
NP-hard


© AM
L Creator: Yaser Abu-Mostafa - LFD Le
ture 16 10/20



An iterative algorithm
Lloyd's algorithm: Iteratively minimize K∑

k=1

∑

xn∈Sk

‖xn − µk‖
2 w.r.t. µk, Sk

µk ←
1

|Sk|

∑

xn∈Sk

xn

Sk ← {xn : ‖xn − µk‖ ≤ all ‖xn − µℓ‖}

Convergen
e −→ lo
al minimum
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Lloyd's algorithm in a
tion
Hi

Hi

1. Get the data points
2. Only the inputs!
3. Initialize the 
enters
4. Iterate
5. These are your µk's
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Centers versus support ve
tors
support ve
tors RBF 
entersHi

Hi

Hi

Hi
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Choosing the weights
K∑

k=1

wk exp
(

−γ ‖xn − µk‖
2
)

≈ yn N equations in K< N unknowns







exp(−γ ‖x1 − µ1‖
2) . . . exp(−γ ‖x1 − µK‖

2)

exp(−γ ‖x2 − µ1‖
2) . . . exp(−γ ‖x2 − µK‖

2)... ... ...
exp(−γ ‖xN − µ1‖

2) . . . exp(−γ ‖xN − µK‖
2)








︸ ︷︷ ︸

Φ








w1

w2...
wK








︸ ︷︷ ︸
w

≈








y1

y2...
yN








︸ ︷︷ ︸
y

If ΦTΦ is invertible, w = (ΦTΦ)−1ΦT
y pseudo-inverse
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RBF network

b −→

h(x)

· · ·· · ·φ

x

φ φ

↑

‖x− µk‖ ‖x− µK‖

wk

wKw1

‖x− µ1‖

The �features� are exp
(

−γ ‖x− µk‖
2
)

Nonlinear transform depends on D
=⇒ No longer a linear model

A bias term (b or w0) is often added
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Compare to neural networks
h(x)

· · ·· · ·φ

x

φ φ

↑

‖x− µk‖ ‖x− µK‖

wk

wKw1

‖x− µ1‖

h(x)

· · ·· · ·θ

x

θ θ

↑

w
T
k
x

w
T
K
x

wk

wKw1

w
T
1
x

RBF network neural network
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Choosing γ

Treating γ as a parameter to be learned h(x) =

K∑

k=1

wk exp
(

−γ ‖x− µk‖
2
)

Iterative approa
h (∼ EM algorithm in mixture of Gaussians):
1. Fix γ, solve for w1, · · · , wK

2. Fix w1, · · · , wK, minimize error w.r.t. γ

We 
an have a di�erent γk for ea
h 
enter µk
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Outline
• RBF and nearest neighbors
• RBF and neural networks
• RBF and kernel methods
• RBF and regularization
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RBF versus its SVM kernel
Hi

Hi

RBF

SVM

SVM kernel implements:
sign∑

αn>0

αnyn exp
(

−γ ‖x− xn‖
2
)

+ b





Straight RBF implements:
sign( K∑

k=1

wk exp
(

−γ ‖x− µk‖
2
)

+ b

)
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RBF and regularization
RBF 
an be derived based purely on regularization:

N∑

n=1

(
h(xn)− yn

)2
+ λ

∞∑

k=0

ak

∫ ∞

−∞

(
dkh

dxk

)2

dx

�smoothest interpolation�
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